Abstract. It is shown that timelike surfaces of constant mean curvature ±1 in anti-de Sitter 3-space H 3 1 (−1) can be constructed from a pair of Lorentz holomorphic and Lorentz antiholomorphic null curves in PSL 2 R via Bryant type representation formulae. These Bryant type representation formulae are used to investigate an explicit one-to-one correspondence, the so-called Lawson-Guichard correspondence, between timelike surfaces of constant mean curvature ±1 in H 3 1 (−1) and timelike minimal surfaces in Minkowski 3-space E 3 1 . The hyperbolic Gauß map of timelike surfaces in H 3 1 (−1), which is a close analogue of the classical Gauß map is considered. It is discussed that the hyperbolic Gauß map plays an important role in the study of timelike surfaces of constant mean curvature ±1 in H 3 1 (−1). In particular, the relationship between the Lorentz holomorphicity of the hyperbolic Gauß map and timelike surface of constant mean curvature ±1 in H 3 1 (−1) is studied.
Introduction
It is known that surfaces of constant mean curvature ±1 surfaces in hyperbolic 3-space H 3 (−1) can be constructed from holomorphic null curves in PSL 2 C = SL 2 C/{±id} ( [4] , [23] ), while minimal surfaces in Euclidean 3-space E 3 can be constructed from holomorphic null curves in C 3 via well-known Weierstraß-Enneper representation formula. It is also known that spacelike surfaces of constant mean curvature ±1 in de-Sitter 3-space S correspondents (they are usually called the cousins) in different space forms satisfy the same Gauß and Mainardi-Codazzi equations.
It is interesting to see that there exists a Lawson-Guichard correspondence between timelike minimal surfaces in E 3 1 and timelike surfaces of constant mean curvature ±1 in anti-de Sitter 3-space H 3 1 (−1). See sections 5, 9, and 14 (appendix I) for details. In [13] , J. Inoguchi and M. Toda show that timelike minimal surfaces can be constructed from a pair of Lorentz holomorphic and Lorentz antiholomorphic null curves in R 3 via normalized Weierstraß formula (59). Hence, one might expect a similar construction of timelike surfaces of constant mean curvature ±1 in H 3 1 (−1) in terms of Lorentz holomorphic and Lorentz antiholomorphic null curves. In this paper, we prove that a pair of Lorentz holomorphic and Lorentz antiholomorphic null curves in PSL 2 R gives rise to a timelike surface of constant mean curvature ±1 in H 3 1 (−1). Furthermore, every timelike surface of constant mean curvature ±1 in H 3 1 (−1) can be constructed from a pair of Lorentz holomorphic and Lorentz antiholomorphic null curves in PSL 2 R.
An analogue of the hyperbolic Gauß map 1 can be defined for timelike surfaces of constant mean curvature in H 3 1 (−1) and plays an important role in studying timelike surfaces of constant mean curvature ±1 in H Here, Q and R are coefficients of quadratic differentials, the so-called Hopf pairs. They are defined in the following section.
In [3] and [22] , K. Akutagawa and J. Ramanathan proved independently that Theorem: Let M be a complete spacelike surface in de Sitter 3-space S 3 1 (1) with constant mean curvature H = ±1. Then M is a totally umbilic flat surface. Moreover, M is a parabolic type surface of revolution. This theorem tells us that de Sitter 3-space S 3 1 (1) admits horosphere type spacelike surfaces. It is also interesting to see that anti-de Sitter 3-space H 3 1 (−1) admits horosphere type timelike surfaces. See section 10 for details.
2. Timelike Surfaces in Anti-de Sitter 3-Space H 3 1 (−1) Let E 4 2 be the semi-Euclidean 4-space with natural coordinates (x 0 , x 1 , x 2 , x 3 ) and the semi-Riemannian metric ·, · of signature (−, −, +, +) given by the quadratic form −(dx 0 ) 2 − (dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 .
1 The hyperbolic Gauß map was introduced by C. Epstein in [7] and used by R. .L. Bryant to study cmc 1 surfaces in H 3 (−1) of surfaces in hyperbolic 3-space H 3 (−1) in [4] .
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The anti-de Sitter (abbreviated: AdS) 3-space H 3 1 (−1) is a Lorentzian 3-manifold of sectional curvature −1 that can be realized as the hyperquadric in E 2 − (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 = −1}.
Let M be a connected orientable 2-manifold and ϕ : M −→ H 3 1 (−1) an immersion. The immersion ϕ is said to be timelike if the induced metric I on M is Lorentzian. The induced Lorentzian metric I determines a Lorentzian conformal structure C I on M .
Let (x, y) be a Lorentz isothermal coordinate system with respect to the conformal structure C I . Then the first fundamental form I = dϕ, dϕ is given by the matrix I = e ω −1 0 0 1 . The first fundamental form is also written in terms of (x, y) as I = e ω {−(dx) 2 + (dy) 2 }. Let u := x + y and v := −x + y. Then (u, v) defines a null coordinate system with respect to the conformal structure C I . The first fundamental form I is written in terms of (u, v) as I = e ω dudv.
In terms of null coordinates u and v, the differential operators The conformality condition is equivalent to
Let N be a unit normal vector field of M . Then N, N = 1, ϕ, N = ϕ u , N = ϕ v , N = 0.
The mean curvature H is given by H = 2e −ω < ϕ uv , N >. Let Q :=< ϕ uu , N > and R :=< ϕ vv , N >. Then the quadratic differentials Q ♯ := Qdu ⊗ du and R ♯ := Rdv ⊗ dv are called Hopf pairs
This differential is globally defined on the Lorentz surface (M, C I ). The second fundamental form II of M derived from N is defined by
and it is given by the matrix
with respect to Lorentz isothermal coordinate system (x, y). The second fundamental form is related to Hopf differential Q by
The shape operator S of M derived from N is S := −dN . The shape operator S is related to II by II(X, Y ) = SX, Y for all vector fields X, Y on M . The shape operator S is also represented by the matrix
and the Gaußian curvature 4 K of M is
The eigenvalues of S, i.e., the solutions to the characteristic equation
are called the principal curvatures. Since the metric I is indefinite, both principal curvatures may be nonreal complex numbers. The mean curvature H is the mean of the two principal curvatures and the Gaußian curvature K is the product of the two principal curvatures minus one. A point p ∈ M is said to be an umbilic point if II is proportional to I at p. Equivalently, p is an umbilic point if and only if the two principal curvatures at p are the same real number and the corresponding eigenspace is 2-dimensional. A timelike surface is said to be a totally umbilic if all the points are umbilical. The formula (1) implies that p ∈ M is an umbilic point if and only if Q(p) = 0, i.e., p ∈ M is a common zero of Hopf pairs Q and R.
The Gauß equation which describes a relationship between K, H, Q and R takes the following form:
Note that the condition QR = 0 does not imply the condition Q = R = 0 (See [19] ). Let M be a simply-connected open and orientable 2-manifold and ϕ : M −→ H 3 1 (−1) a timelike conformal immersion with unit normal vector field N . Then we can define an orthonormal frame field F along ϕ by
where O ++ (2, 2) denotes the identity component of the Lorentz group O(2, 2) = {A ∈ GL 4 R :< Au, Av >=< u, v >, u, v ∈ E 4 2 }. In terms of null coordinates (u, v), F is defined by
The semi-Euclidean 4-space E 4 2 is identified with the linear space M 2 R of all 2 × 2 real matrices via the correspondence
The scalar product of E 4 2 corresponds to the scalar product
Note that < u, u >= − det u. The standard basis e 0 , e 1 , e 2 , e 3 for E 4 2 is identified with the matrices
Note that the 2 × 2 matrices
(For more details, see, for example, [13] .) Under the identification (6), the group G of timelike unit vectors corresponds to a special linear group
The metric of G induced by the scalar product (5) is a bi-invariant Lorentz metric of constant curvature −1. Hence, G is identified with H 3 1 (−1).
Cartan's Formalism
Let {e α : α = 0, 1, 2, 3} be a frame field of E 4 2 , i.e., {e α (p) : α = 0, 1, 2, 3} is a basis for the tangent space T p E 4 2 at each p ∈ E 4 2 . Denote by ·, · p the scalar product on the tangent space
There exist unique connection 1-forms {ω β α : α, β = 0, 1, 2, 3} such that (7) de α = ω β α e β .
We use the index range 1 ≤ i, j, k ≤ 3 and denote by ω i the connection form ω
Proof. For simplicity, let σ 0 := 1, σ 1 := i, σ 2 := j ′ , σ 3 := k ′ . By applying the chain rule, (21) and (22) follow from this equation.
.
Proof. Similar to the proof of Lemma 2, we get the equation
2 )g 2 = ω β α σ β and the equations (23) and (24) By using a double covering induced by the group action µ, we can find lift Φ = (Φ 1 , Φ 2 ) (called a coordinate frame) of F to SL 2 R × SL 2 R:
That is, the lifted framing Φ = (
5 Here, we use the same µ for both Lie group action and group representation.
Similarly, by using a double covering induced by the group action ν, we can find lift Ψ = (Ψ 1 , Ψ 2 ) of F to SL 2 R × SL 2 R:
The lifted framing Ψ = (
Let s := (ϕ, ϕ u , ϕ v , N ). Then s defines a moving frame on the immersed surface ϕ and satisfy the following Gauß-Weingarten equations:
The integrability condition of the Gauß-Weingarten equation is the Gauß-Mainardi-Codazzi equation
This Gauß-Mainardi-Codazzi equation is equivalent to
Remark 2. From the equations (32), we see that a timelike surface ϕ : M −→ H Each component framing Φ 1 and Φ 2 of Φ satisfy the following Lax equations:
where
The compatibility conditions (Φ 1 ) uv = (Φ 1 ) vu and (Φ 2 ) uv = (Φ 2 ) vu give the Maurer-Cartan equations
Each of these two Maurer-Cartan equations is also equivalent to the Gauß-Mainardi-Codazzi equations (31) and (32). Each component framing Ψ 1 and Ψ 2 of Ψ satisfy the following Lax equations:
The compatibility conditions (Ψ 1 ) uv = (Ψ 1 ) vu and (Ψ 2 ) uv = (Ψ 2 ) vu give the Maurer-Cartan equations
Again, each of these two Maurer-Cartan equations is equivalent to the Gauß-Mainardi-Codazzi equations (31) and (32). We now have the following representation formulae for timelike cmc surfaces in H 3 1 (−1). 
Lax equations:
Let H e , H s , H h be the constant mean curvatures of timelike surfaces in Minkowski 3-space E 3 1 , de Sitter 3-space S 3 1 (1) and anti-de Sitter 3-space H 3 1 (−1), resp. Then these timelike cmc surfaces in each space-form satisfy the following Gauß-Mainardi-Codazzi equations:
case. By comparing these Gauß-Mainardi-Codazzi equations, we can deduce the Lawson-Guichard correspondence between timelike cmc H e surfaces in E 
For more details about the Lawson-Guichard corresponce, please see the appendix I (section 14). Since the sign of H depends upon the orientation of a surface (i.e., the orientation of the unit normal vector field N ), hereafter we consider only H = 1 case.
solutions to the following Lax equations:
solutions to the following
where Let
The Gauß and Mainardi-Codazzi equations are equivalent to Maurer-Cartan equation
which is the null curvature (integrability) condition of the Maurer-Cartan form Ω. Let F * denote the pull-back map
i dF i ∈ sl 2 R, i = 1, 2 can be written as the following equations:
Theorem 6 (A Bryant type representation formula for timelike cmc ±1 Surfaces in H (2) F 1 and F 2 are null, i.e., det F −1
is a smooth conformal timelike immersion into H 3 1 (−1) with cmc ±1. Conversely, let M be an oriented and simply-connected Lorentzian 2-manifold with globally defined null coordinates 6 . If
is a smooth conformal timelike immersion with cmc ±1, then there exists an immersion
Then the Maurer-Cartan equations (21) and (22) become 
In Lorentzian case, the so-called Riemann Mapping Theorem or Köbe Uniformization
Theorem does not hold. So, globally defined null coordinates do not exist, in general, on a simply-connected Lorentzian 2-manifold.
defines an indefinite metric in the oriented orthonormal frame bundle of H
Since F is an immersion, the last expression defines a metric. We now show that for the immersion ϕ : 
We, then, have equations
In the open set U ,
Since A 2 1 + B 1 C 1 = 0 and A 2 + B 2 C 2 = 0, there exist smooth functions p 1 , p 2 , q 1 , q 2 defined in U (unique up to replacement by (−p 1 , −q 1 ) and (−p 2 , −q 2 ) respectively) such that
By the continuity of
Without loss of generality, we may assume that p 1 p 2 + q 1 q 2 = 1. Now
= p 2 dp 1 + q 2 dq 1 −p 2 dq 2 + q 2 dp 2 − η −q 1 dp 1 + p 1 dq 1 q 1 dq 2 + p 1 dp 2 .
Similarly,
t ) = p 1 dp 2 + q 1 dq 2 −p 1 dq 1 + q 1 dp 1 − ξ −q 2 dp 2 + p 2 dq 2 q 2 dq 1 + p 2 dp 1 .
It then follows that (F h)
dp 1 can be written
where q 1 = 0 .
Hence,
is a 1-form of type (1, 0), i.e., a multiple of the 1-form η. Similarly, (F h) * (ω + + π + ) is a 1-form of type (0, 1), i.e., a multiple of the 1-form ξ.
Since (F h) * (ω + ) = −η and (F h) * (ω − ) = −ξ, by the equation (20), one can easily see that:
is a 1-form of type (0, 1), then ϕ satisfies H = 1 in U . Therefore, we conclude that H = 1 in U .
Conversely, let M be an oriented and simply-connected Lorentzian 2-manifold with globally defined null coordinates (u, v). Let ϕ : M −→ H g 2 ) : M −→ SL 2 R × SL 2 R such that the associated frame field {e 0 (g)} is adapted with g * (ω + ) = −η and
∈ sl 2 R. Then dζ = −ζ ∧ ζ. The equation dζ = −ζ ∧ ζ satisfies the integrability condition; hence, by the Frobenius Theorem, there exists a smooth map h :
The differential d can be written as d = ∂ ′ + ∂ ′′ , where ∂ ′ is the Lorentz holomorphic part and ∂ ′′ is the Lorentz antiholomorphic part. Since
Since ∂ ′ F 2 = ∂F 2 ∂u du = 0, F 2 is Lorentz antiholomorphic. Finally,
Remark 4. Note that, in Theorem 6, ϕ = F 1 F t 2 has cmc 1 (cmc −1) if the framing F is orientation preserving (orientation reversing). In order to prove Theorem 6 for orientation reversing framing F , one needs to take
−p 2 q 2 ξ, and
Remark 5.
So, ϕ does not assume degenerate points if and only if
2 )F 2 ∈ sl 2 R. The Gauß and Mainardi-Codazzi equations are equivalent to Maurer-Cartan equation
2 )F 2 can be written as the following equations:
is a smooth conformal timelike immersion into H Proof. We use the same ω + , ω − , π + , π − and α i , β i , γ i , i = 1, 2 as defined in the proof of Theorem 6. Then
Here,
defines an induced metric of ψ since F is an immersion. Let U ⊂ M be a simply-connected open set in which there exists a null coordinate system (u, v) such that ds 
= p 2 dp 1 + q 2 dq 1 −p 2 dq 2 + q 2 dp 2 − η −q 1 dp 1 + p 1 dq 1 q 1 dq 2 + p 1 dp 2
2 )F 2 ]h = p 1 dp 2 + q 1 dq 2 −q 2 dp 2 + p 2 dq 2 −p 1 dq 1 + q 1 dp 1 − ξ q 2 dq 1 + p 2 dp 1 .
and ψ satisfies H = 1 in U . Conversely, let M be an oriented and simply-connected Lorentzian 2-manifold with globally defined null coordinates. Let ψ : M −→ H Then one can choose a lifting g : M −→ SL 2 R × SL 2 R such that the associated frame field {e 0 (g)} is adapted with g * (ω + ) = −η and g
∈ sl 2 R. Then dζ = −ζ ∧ ζ and this equation satisfies the integrability condition; hence, by the Frobenius Theorem, there exists a smooth map h : M −→ SL 2 R such that ζ = h −1 dh.
and F 2 is Lorentz antiholomorphic. Finally,
Remark 6. Note that 
The orthogonal subgroup SO 1 (2) can be regarded as the hyperbola H 
be the stereographic projection from the north pole S = (0, 0, 1). Then
Note that the classical Gauß map (i.e., the unit normal vector field) N of timelike surfaces in E 3 1 is mapped into de Sitter 2-space S 2 1 (1). Thus, the image of classical Gauß map can be represented by the matrices h 1 0
If the timelike surface preserves the orientation, then h = p 1 −q 2 q 1 p 2 ∈ SL 2 R. So,
and
. If the timelike surface reverses the orientation, then h = q 2 −p 1 p 2 q 1 ∈ SL 2 R. So,
. Here, we recall the following Weierstraß formula for a timelike minimal surface ψ : M −→ E 3 1 with data (q, f (q)) and (r, g(v)): (58)
The induced metric of ψ is
Remark 7. The ordered pair (q, r) coincides with the projected Gauß map ℘ − • N of a timelike minimal surface with data (q, f (u)) and (r, g(v)).
Remark 8. In [13] , J. Inoguchi and M. Toda studied the construction of timelike minimal surfaces via loop group method. Their normalized Wierstraß formula for a timelike minimal surface ψ : M −→ E 3 1 with data (q, r) is
and the induced metric of ψ is
In [13] , the signs of coordinate functions in ψ u and ψ v are different. The reason is, in [13] , (x 1 , x 2 , x 3 ) ∈ E 3 1 is identified with the matrix
, while in this paper it is identified with
Originally, this formula was obtained by M. A. Magid in [17] . However, in [17] , the geometric meaning of the data (q, r) is not clarified. In [13] , the data (q, r) are retrieved from the normalized potential in their construction. Moreover, q and r are the primitive functions of the coefficients Q and R, resp., of Hopf pairs. Note that this is locally true. In general,
. (61) As is mentioned in Remark 7, (q, r) is the projected Gauß map ℘ − • N of a timelike minimal surface given by the Weierstraß formula (59).
Lawson-Guichard Correspondence between Timelike cmc ±1
Surfaces in H In Section 5, we discussed the Lawson-Guichard correspondence between timelike cmc surfaces in three different semi-Riemannian space forms E 3 1 , S 3 1 (1) and H 3 1 (−1). In particular, there is a one-to-one correspondence between timelike cmc ±1 surfaces in H 3 1 (−1) and timelike minimal surfaces in E 3 1 . In this section, we give such bijective correspondence explicitly using the Bryant type representation formulae in Sections 6 and 7.
Let ϕ : M −→ H 3 (−1) be a timelike cmc −1 surface. Then, by Theorem 6 (or by Theorem 7), there exists a smooth immersion
2 ).
As we have seen in the proof of Theorem 6 (or Theorem 7), locally in an open set U ⊂ M ,
and similarly,
q 2 2 ξ.
, and g(v) := q 2 2 . Then the Weierstraß formula (58) defines a timelike minimal surface ψ :
So, the induced metric ds 2 ϕ of the timelike cmc −1 surface ϕ is conformal to ds 2 ψ . Conversely, assume that a timelike minimal surface ψ : M −→ E 3 1 is given by the Weierstraß formula (58) with data (q, f (u)) and (r, g(v)). Consider the following system of differential equations:
Since these equations satisfy the integrability condition, there exists a solution (F 1 , F 2 ) : M −→ SL 2 R × SL 2 R satisfying the conditions (1) and (2). By Theorem 6, ϕ :
. Similarly, the system of differential equations:
satisfies the integrability condition; hence there exists a solution (F 1 , F 2 ) : M −→ SL 2 R × SL 2 R satisfying conditions (1) and (2 ′ ). By Theorem 7,
defines a timelike cmc −1 surface in H Proof. We will assume the same settings in the proof of Proposition 1. Then
Proposition 8. The hyperbolic Gauß map
Thus, [e 0 + e 3 ] is conformal, i.e., dσ 
By comparing with the equation (1), we see that the Hopf differential Q = 0 on U , i.e., ϕ(U ) is totally umbilic. Note that H must be constant on U , since Q = R = 0. Let V be a connected component of U . Since H is constant on V and H is continuous on M , H is constant onV . This implies that H = 1 on V and soV ⊂ U . Since V is connected, so isV . However, V is a connected 7 The hyperbolic Gauß map was introduced by C. Epstein ( [7] ) and was used by R. L.
Bryant in his study of cmc 1 surfaces in hyperbolic 3-space H 3 (−1) ( [4] ).
component; thus, V =V . It then follows from the connectedness of M that M = V . Therefore, ϕ is totally umbilic on M . The converse is trivial. 
Let
By the identification (65),
Locally,
The last expression is simplified to the matrix:
Thus, by the identification (65),
Note that the hyperbolic Gauß map [e 0 + e 3 ] is orientation preserving while [e 0 − e 3 ] is orientation reversing. So, set U ⊂ M ,
Thus, we have the following equations: 
i.e., dF 2 is also given by
Hence, the hyperbolic Gauß map can be written: 
The Generalized Gauß Map and the Hyperbolic Gauß Map
Let G(2, E 
spanned by a timelike vector ϕ x and a spacelike vector ϕ y or equivalently, by two null vectors ϕ x + ϕ y and −ϕ x + ϕ y . Define a map
This map is called the generalized Gauss map of a timelike surface ϕ : M −→ H 
2 )] and
The isotropy subgroup of SL 2 R × SL 2 R with the actions µ and ν at 2 ) can be represented as a symmetric space
Denote by G(2, E 4 2 ) − the Grassmannian manifold of negatively oriented timelike 2-planes in E 4 2 . Then . Define a projection map
Similarly, we also define a projection map
Let ϕ : M −→ H 3 1 (−1) be a timelike surface from an oriented and simplyconnected open 2-manifold M into H 3 1 (−1) with ds 2 ϕ = e ω (−dx 2 + dy 2 ) = e ω dudv. Then there exists an adapted framing F : M −→ SL 2 R × SL 2 R of ϕ such that e 1 • F = e −ω ϕ x and e 2 • F = e −ω ϕ y . The generalized Gauß map G of ϕ can be written
is the same as the hyperbolic Gauß map
Let us define G
13. The Lorentz Holomorphicity of Hyperbolic Gauß Map and Timelike cmc ±1 Surfaces in H 3 1 (−1) In this section, we study the relationship between Lorentz holomorphicity of (projected) hyperbolic Gauß map and timelike cmc ±1 surfaces in H 
2 ]) as the projected hyperbolic Gauß map
where I is the identity transformation. Then the Gauß equation (67) and the Mainardi-Codazzi equation (68) still hold when S andK are replaced by S and K, resp.:
Note that the Gaußian curvature K of M is intrinsic and does not change. 
